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The assumption of rational expectations or perfect foresight
has been found useful in many fields of economics. While rational
expectations models have received extensive theoretical attention
to date, there have been relatively few applicatiﬂnﬁ.l In part,
this has been due to the difficulty of numerically calculating the
saddlepoint paths, which typically represent the solution of these
models. Blanchard and Kahn (1980) present an algorithm for the solu-
tion of linear rational expectations models. In this note we extend
their analysis by presenting an algorithm for the solution of general
non-linear rational expectations models.

Formally, rational expectations models pose two-point boundary
value problems, which are common in optimal control, engineering,
and the physical sciences. When the system under study is linear,
an analytic solution for the two-point boundary value problem can
be found. For non-linear systems, this is not possible and numerical
techniques are almost always necessary. This note shows how the
method of multiple shooting, utilized in the physical sciences,can
be used to solve a wide variety of economic models. The first
section describes some of the economic contexts in which two-point
boundary wvalue problems arise. The method of multiple shooting and
its application to economic models are examined in the second section.

There iz a brief conclusion.
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The dynamic economic system is defined by (1) and (2).
Equation (2) defines boundary conditions at the beginning and end
of the interval of interest.2 Because the problem involves a mixture
of initial and terminal conditions it is referred to as a two-point
boundary value problem. The exogenous variables entering the model
are represented hy Zo o with the entire sequence {ail i =0, T
given, We allow for the possibility that F may be time dependent,
(i.e., non-autonomous), Inmany economic problems the time horizon is
infinite. The boundary value conditions are not given by Vi = 7
but rather 1i2 Vi e v . We assume throughout that the latter case
can be adequ;telv approximated by the former for sufficiently large T.3

Models of the type illustrated by (1) and (2) have widespread
application in economics. A simple example is provided by a standard

model of capital ac:;ummulat:i.on.4 Arbitrage requires that the yield

on capital equal the return on the alternative asset. That is:

£1r(x) , Fx (2a)
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where £'(K) is the marginal product of capital, and p, is its
price. The supply of new capital goods depends on their price p, ,

according to the investment schedule

K = I(py) I'>0 I(1l) =0 (4)

where the normalization I(l) = 0 is chosen for convenience. The
path of capital accummulation and valuation may be found by solving
the pair of differential equations (3b) and (4). The boundary condi-
tions are provided by the initial capital stock Kqg and the require-

ment that the model converge to a steady state so that 1lim p, = 1 .

e

Since boundary conditions are imposed at both the beginning and end
of the solution interval, the model fits the form of the cancnical
two-point value problem (1) and (2). This example is particularly
simple since there are no exogenous variables and the behavioral
functions are non-autonomous.

In addition to models of capital accummulation and valuation,
a wide range of economic models from many fields present two-point
boundary value problems. Whenever an asset price or shadow price
incorporates information about the future path of key variables,
solution algorithms of the Lype we consider are applicable, Any

intertemporal optimization problem with constraints falls within



applications include models of money and growth of the type considered
by Sargent and Wallace (1973), exchange rate determination as discussed
in Dornbusch (1976), and macro-economic activity of the type described
in Blanchard (1978) and Fair (1979).

Previous attempts to solve rational expectations models which
pose two-point boundary value problems include Blanchard and Kahn
(1980) and Fair (1979). EBlanchard and Kahn present an explicit
analytieal seolution for linear models, which is implemented computa-
tionally in Blanchard (1979). Fair uses a numerical version of his
econometric model. His method may be difficult to apply to problems

with more than a very small number of terminal conditions.

IT. The following is an informal summary of the method of multiple
shooting. Detailed presentations of multiple shooting may be Ffound
in Roberts and Shipman (1972) and EKeller (1968). As Roberts and
Shipman indicate, all shooting algorithms for two-point boundary
value problems have the following basic structure:

(&) set of values of the unspecified conditions
at the initial point of the interval ("missing
initial conditionsa") is assumed, and the diffe-
rential equations are numerically integrated

to the terminal point ("shooting" at the target
terminal peints). Il the computed terminal wvalues
satisfy the specified terminal conditions the
problem has been solved. If they do not (the
normal course of events), the differences
between the computed and specified terminal
conditions (the "miss distances") are used

to adjust the missing initial conditions.

If the differential equations and boundary
conditions are linear, the adjustment need

only be made once, but if the differential equa-
tions or the boundary conditions are nonlinear,
the adjustment of the missing initial conditions
is an iterative procedure.

(p. =niii)



In the standard shooting method, the system is integrated all
the way from the initial period to the terminal pericd. 1In explosive,
saddlepoint-stable systems, this integration or other aspects of
the shooting procedure may break down. Multiple shooting provides a
more robust procedure for these difficult cases. 1In multiple shooting,
the interval of interest is subdivided, auxilliaryvariables are
defined and duxilliarwy intermediate-point conditions are imposed.
Guesses of initial conditions are made not just for the beginning
period, but for many intermediate periods as well. By breaking up
the shooting problem into stages, the explosive character of saddle-
point systems may be numerically brought under control.

Shooting methods apply to both differential and difference
equation systems. Indeed the numerical solutions for the former are
typically found after discretization of the system. We will summa-
rize here the procedure for difference eguation models.

By repeated function composition, we may integrate (1)

forward to write:

o

H[xn: [zi}i=D,Tl (5)

Oour goal is to find a v* such that:

o =IiUvE, wl ; {zi}i=G,T}= [v, WT] . (&)

Corresponding te each root VE of this equation is a solution
of the two-point boundary wvalue prnblem.5 Thus the solution of the
differential equation system (1) and (2) can be reduced to the
solution of the set of non-linear equations specified in (6). A
standard approach to finding the solutions of (6) is the application

of Newton's method as described below.



Consider the function H" mapping domain of H into the
first m elements of its range. Then,

v, = Hm[xD ; fzi}] = Hm[vu, W ; {zi}] . We write H" in this way

to stress the functional dependence of Vp OO0 Vi o For given w

and {zi] H' maps R"+ R", from vg to v, . By a first-order

Taylor approximation, we have;

~ m -
. . gl 3H

u

where Vo is the point around which H" is linearized,

™ =
(Thus, EEE is evaluated at Vo .) (Note that w and z, have
been suppressed in the notation.) By definition, v _(v}) = v .
Using (7), we have:
v,(v%) - v (; ) = EHE[?* - ; ) Thus assumin
Vo T'Vo v, 0 g’ g
-1
aH™
exists
Evﬂ] d
-1
VE Yy EFE [thvG} - thvE}] (8)

If H 1is linear, the Taylor expansion is exact, and (8) is a
getrict equality. If not, the equation suggests an iterative

procedure. Starting with a guess vﬁ for vE  we compute for all

aH™ - i
v%"'l " vf; w0y [ - vplvg)] (9)

i,



conditions on H for the convergence of this process may be found

in Roberts and Shipman (Chapter 6).

Multiple Shooting

The simple Newton search typically fails for dynamic systems

with saddlepoint stability. Incorrect guesses of v are magnified

28
T an

become ill-conditioned, or the first-order Taylor approximation

0

through time, so that huge errors are recorded in v may

may be so poor as to cause the iterations to move in the wrong direc-
tion. Also, it may become impossible to solve the

F function at some intermediate step, before T is reached. A
better-behaved algorithm is established by breaking the reguired
search into stages. The algorithm purchases improved stability at
the cost of increasing the size of the system of nonlinear equations
which must be solved. Now divide the interval [0,T] into intervals:
[D,Tl] . [Tl,TE] reeey [Ty /Tyl » with T =T . Using (1), the

H
following implicit functions may be characterized:

(S
]

Hy(vgi Wor T(Ivy, wol) {zi‘i=n,T1} (10)

Il

xTzfxl} Hzfxl: J{xl,{zi}}, {zi}]

Ll

VTN{XN"l} = Hylxy 7 Tl 0 T2,0), {21

The notation in (10) is important. The Xy i=l,...,N are values

of the x wvector at the beginning of interval (i + 1) . Thus, ®q



is the starting vector of interval [Tl' TE] +. 'The Ko Exi_l} are
i

the final values of x in interval i , written as implicit functions

of the x;, , . The dimensions of the H, differ: H; maps r™ - =",
l<i<N, H, maps W'+ R", and Hy maps R + R" . Defining the

stacked (column) wvectors E &= [vﬂ,xl,xz,--.,xml , and

¥ = [le.xTz,...,vTHI,{lu] may be concisely written as:

X = H(X) with H R (No#m) , g (Noim) (11)
M
It is convenient to define % = le,xzr...,ﬁl , and
. § = [X., =Xy X =Xn X =X Ve =V
" Tl 1* T2 2r T3 Fam TH "

fu
since ¥ is a function of ﬁ ; M is implicitly a function of X
oY)

In particular, if there exists an ﬁ*lﬁ[ﬁ*l = 0 , then vE ., the
leading terms of g* will satisfy the terminal conditions in the
differential equation system (l1l). Thus, our goal is to locate g* -
Again, we turn to Newton search. With M = ﬁ(ﬁ} '

ad

" A e
mfﬁ’ A ﬁtﬁ: + X X - X (12)
Since aixf] =0
M

- 3 "
* = - brfhrierd
X* = X agj [Btﬁll (13)

This relation suggests the algorithm for updating guesses:

RS N 1. O Epiet ]
X ¥ [aﬁl[ﬁtﬁ )] (14)



It is instructive to examine the Jacobian a bit more carefully.

When fully written out in terms of the underlying H functions

we find:
dH
1
[an S 5 Inxm m]nx{ﬂwl}n
HHE
W]nxm Eﬁqqnxm = Thxm Eﬂnx[N—3]n
aM _ : : : :
?.r’f, - ; 9H, -
E]nx[i-ljn""[§§?!1 nxﬂ-%uum m]nx{n—E}n
. aH
O comeny = = = = = sl5= ]
mx (N-1) n *N-1"mxn

aM

Notice that EE

has a band structure, which greatly facilitates

the necessary matrix inversion,

For many problems which arise in practice, it is not possib.
to specify explicitly eguations of motion of the form (1). Ofte
the dynamics of the system are defined implicitly by a system of

equations involving other endogenous variables. That is:
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